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Riccati-Coupled Similarity Shock Wave Solutions
for Multispeed Discrete Boltzmann Models
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We study nonstandard shock wave similarity solutions for three multispeed dis-
crete Boltzmann models: (1) the square 8v; model with speeds 1 and \/5 with
the x axis along one median, (2} the Cabannes cubic 14v; model with speeds 1
and ./3 and the x axis perpendicular to one face, and (3) another 14v, model
with speeds 1 and \/5 These models have five independent densities and two
nonlinear Riccati-coupled equations. The standard similarity shock waves, solu-
tions of scalar Riccati equations, are monotonic and the same behavior holds
for the conservative macroscopic quantities. First, we determine exact similarity
shock-wave solutions of coupled Riccati equations and we observe non-
monotonic behavior for one density and a smaller effect for one conservative
macroscopic quantity when we allow a violation of the microreversibility.
Second, we obtain new results on the Whitham weak shock wave propagation.
Third, we solve numerically the corresponding dynamical system, with micro-
reversibility satisfied or not, and we also observe the analogous nonmonotonic
behavior.

KEY WORDS: Discrete Boltzmann models; Riccati equations; similarity
shock wave solutions.

1. INTRODUCTION

For the densities V, associated to the velocities v, of the discrete Boltzmann
models (DBMs"?) the standard similarity shock waves (which we call
Riccatian solutions)

N;=ny+n;/D, D=1+w, w = de", n=x—{t (L.1)
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(no:» 155 0, 7, ¢ being constants) are solutions of scalar Riccati equations, for
instance, Ny ,=aN?+ bN, + c. These densities are monotonic 7-dependent
functions. The same property holds for the macroscopic conservative quan-
tities mass M, momentum J, and energy F, which are linear combinations
of the densities. In that case, the nonmonotonic effects can exist only for
nonconservative macroscopic quantities.

Is it possible, either for the microscopic densities or for the macro-
scopic conservative quantities, to observe nonmonotonic effects? Clearly
we must enlarge the class (1.1).

In this study we answer this question for a family of multispeed
DBMs,®# Considering for the DBMs the restriction of their system of
partial differential equations (PMEs) along the x axis and subtracting their
linear conservation laws, we obtain PDEs with only one, two, three,...,
independent nonlinear equations. The case of only one really nonlinear
equation for a density N, leads to the scalar Riccati equation, which is
linearizable and, taking into account the positivity of the densities, leads
to the solutions (1.1). We discuss the important case of five independent
densities and two coupled-Riccati nonlinear equations:

2
Niy= 3 (Ndy+ci)Ne+fiNi+e, i=12, j#i (12a)
k=1

The standard linearization corresponds to the so-called® projective Riccati
system (f;=0), which is impossible for the presently studied DBM because
it requires that the front shock velocity { be equal to the velocity of one of
the particles. Note that the type of solutions (1.1} is possible for the PDE
(1.2a).9) We propose'® a new ansatz,

N;=nq;+ (ny;+ wny,)/D
D=1+51W+52W2, w:e"m, nzx_Ct (12b)

which we call non-Riccatian). Let us consider two classes of DBMs with
nonlinear equations of the type (1.2a): (1) mixing speeds models,® and (2)
models recently called the class I hierarchy® with the same d-dependent
system of PDEs. These DBMs include®*) the square 8v, model with the x
axis along one median, the 14v; cubic Cabannes model with speeds 1 and
\/5, and another 14v; model with speeds 1 and ﬁ, which can be con-
sidered as a superposition of two 8v; models. Solutions of the type (1.2b)
and solutions of the standard Runge-Kutta procedure with nonmonotonic
behavior have been obtained for the type (1) models® and the aim of this
paper is to extend these results to the type (2) models.

In Section 2 and Appendix Al we present the three physical models of
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class T type. The five densities M, N,, R, M,, and N, of this DBM are
associated to the velocities whose projections along the x = x, axis have
coordinates 1, 1, 0, —1, and —1. They satisfy the same 1D PDE with three
linear conservation laws and two coupled nonlinear equations:

d=23, d,=2(d—1)
pr=0,+0,, PN +p_N,=0, p.M +p_ M,+d R, =0
poM —p_M,+2d,p,N,=0, p_Nyé, =aM,N,—M N, (13)
R,jG,=M,M,— R’

with &, proportional to the cross sections 6;, 6, =20,/d, and a>0 a fixed
number, but in general a # 1, which means that we allow a violation of the
microreversibility.

In Section 3 we discuss different theoretical aspects of the class I
hierarchy. First we study what we call the Rankine-Hugoniot (RH), rela-
tions which contain both the three conservation laws for density functions of
a similarity variable n with propagation speed {

Ni(m), M;(n), R(n), n=x-{ i=12 (1.4)

and the four relations coming from the vanishing of the two collision terms
for the two equilibrium states. These two states can be determined from
both a scaling parameter called n,, and two arbitrary parameters, { and
a > 0. Furthermore, three densities are linear combinations of two other, so
that we can rewrite two of the nonlinear equations (1.3) as a coupled-
Riccati differential system for the two remaining densities, chosen to be N,
and R. Second, for the stability of the two equilibrium states, we generalize
known weak shock results. In the Whitham® approach we allow a # 1,
a>0, and &, in (1.3) to be arbitrary. We find the sum of a fifth-, fourth-,
and third-order differential operator. We show that the wave motions
associated to the higher-order operators are exponentially damped at large
time by the main waves (characteristic velocities) provided by the lower-
order operator. Third, we study the Lax admissibility (established for
conservation laws alone) criteria,” !’ which allow the determination of the
sound speeds associated to the upstream and downstream states. Requiring
that both shock wave and sound wave are moving in the same direction in
the upstream state, we show that this property holds in both upstream and
downstream states. Finally, we show, by changing the n,, values, that a
decrease as well as an increase of the local Boltzmann entropy (satisfying
an H-theorem) across the shock are possible, without changing the
parameters entering into the shock inequalities.
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In Section 4 we determine non-Riccatian solutions (1.2b) which
depend on one scaling parameter and two arbitrary parameters while {
and &,/6, are fixed. We find two classes of solutions with either N, of the
Riccatian type or the five densities being non-Riccatian. For the three
models we give explicit examples with overshoots for one density M, and
small undershoots for the energy E. We observe nonmonotonic effects only
if a—1>0 is sufficiently large. For a ~ 1 we get monotonic non-Riccatian
solutions.

In Section 5 we consider the general similarity solution of (1.3) in the
form (1.4), and reduce the original system to a 2D dynamical system.
We find numerically the integral curve of this system, which gives the
macroscopic shock profiles. The similarity solutions depend on {, on two
parameters of the Maxwellian, and on &,. We find the overshoot for M,
not restricted to a>1, but also possible for a<1. For the energy we
observe a nonmonotonic behavior for a > 1, which disappears when a — 1.

2. CLASS | HIERARCHY OF MULTISPEED MODELS

In Appendix Al we define the class I models by giving the coordinates
{x;,x,) for d=2 and (x,, x,, x,) for d=13 of the velocities with projections
+1, 0 along the x = x, axis, which are associated to the five independent
densities N;,, M;, and R, i=1, 2.

The macroscopic conservative quantities mass M, momentum J, and
energy E are linear combinations of the microscopic densities

M=M1+M2+d*(R+N1+N2)
J=M,— M,+d,(N,—N,) (2.1)
E=M,+M,+d,)2+d,d, (N, +N;)

d,,.=1and d,, =3/2 for the Cabannes model and we deduce the velocity
U=J/M and the pressure P=2E— MU?>

With microreversibility satisfied we consider the Boltzmann-H
functional for which we are able to prove an H-theorem and call
Boltzmann entropy the associated S= —H. With microreversibility
violated, we modify, as did Tartar,”” the Boltzmann entropy, which
satisfies an H-theorem. Introducing the relative entropy S= — H with

H= z [d* N log(N,/o;)+ M;log(M,;/B,)] + d*R log(R/Bo)
i=1

B/ Br=a, ﬁ%=ﬁ1ﬁz
we find [2,+0,(---)]H<0. A simple choice is f;,=f,=a,=1, a;=1/a.
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3. RH SOLUTIONS, WHITHAM AND LAX CONDITIONS,
BOLTZMANN ENTROPY

3.1.Determination of the Two Equilibrium States

We assume that the densities (N, N,, M, M,, R) are functions of
a similarity variable n=x—{¢, and define the two Maxwellian states
corresponding to || = co:

(1) (mo15 ngas Moy, Moa, 7o), (1) (51,82, P1s P2y Foo) (3.1)

with s,=ng +ny, pi=my+my, i=1,2, roo=ro+r;. The three linear
conservation laws (1.3) give relations for n;, my;, ,:

yi=0-0/0+0, z=20-0/d,, np=yny, (3.2)
ymy =my,+2r y/z, m11+2d*n11+m12/y=0 (3.3)

The two collision terms in (1.3) vanish for the two Maxwellian states:

ang My = oz Mgy, Mgy Moy =1, asyp=52p1, 1’11’2:"(2)0 (3.4)
oy = Ao My + Moy ) — Ry Mgy — Mgy Ay (3.5)
boy :=anymy, —nmy .
Aoy 1= Mo My + Moy My ~ 2Fgr,
boy=my m,—ri (3.6)

G+ by=0, i=1,2

For the determination of the two states (3.1) we have 11 parameters , n,,,

My, and r, with k=0, 1, i=1, 2 (¢>0 is fixed), and seven independent

relations. From the parameters ny, >0 and #,, we define scaled variables

Mia = Myey Fgay My = Ppey My, T =Ny Py k=0, 1, ag;=ng 1y, dg;, b, = ”§1b0i,
and rewrite the relations

Mgy = Aoy Moy /a, Fo = (g, igy) ' (3.7)

myy = — y(my +2d,), Fi=z(m; +d,)
ny = —ng dg/be, i=1,2 (3.3)
Lemma 1. The two Maxwellian states can be determined from the

knowledge of one scaling parameter n,,, two scaled parameters, and the
propagation speed (:

noy >0, g, >0 arbitrary, 7y, >0 arbitrary, { arbitrary, {{| <1 (3.9)
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First from (3.8) we obtain #m,, and 7, and, with n,, deduce the
positive parameters of the Maxwellian (i). Second, in Appendix A2, from
Aoy boy = Ggaboy, We show that 7z, is the root of a cubic polynomial with
coefficients determined by (3.9). Third, from the knowledge of 1, and
(3.8) we deduce rn,,, F, and @y, by;. Fourth, from ny; = — ng; dg;/bg; we get
ny, and consequently n;, my;, r, or finally the Maxwellian (ii).

3.2. Coupled-Riccati Equations for Two Densities
(Appendix A3)

Corollary 1. The nonlinear equations (1.3) lead to a Riccati-coupled
system for N, and R.

We first rewrite the two nonlinear equations (1.3) for similarity waves:
(1+{)N,,/6,=M N,—aN,M,, {R,[6,=R*—M,M, (3.10)

N,, M,, and M, from the three linear conservation laws are linear
combinations of N, and R, and substituted into (3.10) lead to a coupled
Riccati system:

NZ,,,=d11N§+d12N2R + iR+ ¢ Ny+cnR+e;

(3.11)
Rn':sz%‘!‘dlezR"l’d22R2+C21N2+622R+62

The coefficients and the solutions of (3.11) are functions of the arbitrary
parameters (3.9} and of o,/5,. For a projective Riccati system f,=0 or
{= —1, which is impossible.

3.3. Whitham Weak Shock Wave Propagation (Appendix A4)

For the determination of the characteristic velocities it is usual to refer
to the weak-shock Lax-Whitham theory.”-® In the Whitham approach we
study the stability of an equilibrium state when different linear differential
order terms are present. How can wave motions defined by higher-order
terms be exponentially damped by the main wave provided by the lower-
order term? In the Lax approach we study the inequalities which must be
satisfied by both the upstream and downstream states. We cannot apply
directly the previous results’”) because here we assume that the o, are
arbitrary and we allow a violation of the microreversibility. The Whitham
approach was recently considered® for a 9v; DBM where only the con-
tribution of the main wave given by the lowest order operator was dis-
cussed and it is not clear that the higher waves do not modify the results.

For the present models, after linearization around a Maxwellian, we
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find the sum of a fifth-, fourth-, and third-order operator with associated
polynomials Ps, P,, and P5;. We must verify that the higher wave motions
with speeds given by the P, =0, P; =0 roots are exponentially damped by
the main wave motions (sound wave roots {/) of Py=0). While the Ps, P,
roots are independent of o, this is not true for the two P,=0 roots. In
Lemma Al we prove both that the five P roots and the four P, roots are
interlaced with two roots +1 having multiplicity 2 in P, and 1 in P,, while
the two other {* roots of P, are of opposite sign and modulus less than
1 and that the three (), j=1, 2, 3, roots of P, are real and belong to
1—1,1[. In Lemma A2 we prove that the P,, P, roots are interlaced with
the strict Whitham-like inequalities and consequently the wave motions
with velocities {* are exponentially damped for large time. Finally we
prove (Lemma A3) that the wave motions with velocities + 1, present in
both P, P,, are also exponentially damped for large time. The three
weak-shock velocities ( §{)), written in (A.7), for the (i) state can also be
found (Appendix A5) from the Euler equations.

3.4. Lax Admissibility Criteria

From the above study there exist three different roots {{/) associated
to Maxwellian (i) and three other (/) to Maxwellian (ii). However, we
do not know whether, for instance, the (i) state is the upstream or
downstream state. When the microreversibility is satisfied, Gatignol™ has
explained the application of the Lax”’ admissibility criteria to DBM:s.
Let us call {7 the characteristic speeds associated to the states at + co.
The Lax conditions are: for some index j, 1< /<3, the two following
inequalities hold:

(D<i{<lD,,  UV<i<{yr? (3.12)

Lemma 2. If the two Lax conditions are satisfied, then the j index
is j=2.

Since j, j+ 1 is present, only j=2 is possible. In DBMs, Gatignol®
has presented a weaker condition with only the first condition satisfied and
with also j=1 or 2. As we shall see, the satisfaction of Lax conditions does
not always guarantee the subsonic and supersonic inequalities. Let us call {,,
and {4, the characteristic velocities satisfying the first Lax inequality and
corresponding to the upstream and downstream states, respectively,

V={_{-U, and V, and V,,, the associated shock velocities and W, and

Wiown the sound wave velocities:
Wup = Vup - C + Cup » Wdown = Vdown - C + Cdown

VupMup= VdownMdown (313)
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We assume that the shock is physical if both the shock inequalities
[ Waownl > Vaown| and W, | <|V,,| are satisfied and only if at the
upstream state (and at the downstream omne) the shock wave and the
sound wave move in the same direction. This means VW, >0 and
V sown Wdown > 0 and, from V', V4o, >0, the four waves move in“the same
direction.

Lemma 3. If (4own="C{, the shock inequalitiecs are satisfied iff
V<0 and W, <0.

The Lax condition { gouwn <{<{y, implies Wioun < Vyown and W, >V .
If V', >0, the supersonic inequality cannot be satisfied, so that V,,, <0 and
Viown <0 and the subsonic inequality W un < Viown <0 18 satisfied. If
W, <0, the supersonic inequality is also satisfied, while if W, >0, the
two waves move in opposite direction at the upstream state.

Lemma 4. If {,,={,,, the shock inequalities are satisfied iff V", >0
and W, >0.

The Lax condition {,,, <{ < {40y, implies W, <V, and Wyoun>Vioun-
If V,,<0, the supersonic inequality is violated, while if W,, <0, then
Vup Wap <0. We notice that the Maxwellian states depend on the scaling
parameter n,,, while the parameters of the Lax conditions ¢, { ‘fw as well
as V,, Vi, W,, and W, are independent of n,.

3.5. Local Boltzmann Entropy

Let us call S, and S4,4, the two upstream and downstream S values,
respectively, and S; and S;; the S values associated to the (i) and (ii) states,
respectively. We find

2
—8i= Y [dyng log(ng/a;)+mg;log(me)] + d,rolog(re), au, =o,=1
j=1

j=

and

2
—Sy= Z [d*sj log(s;/a;) + p;log Pj] +d 700 10g(ro0)
j=1
These asymptotic local entropy quantities are determined from the RH
relations and n,, is a scaling parameter for the asymptotic densities ny;,
Mo;s o Sis Pi, aNd rgq (the scaled variables A, my;, Fy, 5, p;, and Fo, are
independent of n,,), but not for S; and S;;. Let us define A4S = S4,4n — Sup»
and AM =M ,un— M,,=no AM, with 4M a function of the scaled
variables and independent of ny,. We find 4S/n,, = — (log ng, ) AM + F,
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with F constructed from the scaled parameters and independent of sy, .
When ng, varies, the lhs (and also the rhs) has values from — o0 up to +
with only one zero for ny, =n,; .. We assume a compressive (rarefactive)
shock or 48 >0 (<0). It follows that A4S <0 (>0) for ny; > 1 and 45> 0
(<0) for ny; <€ 1. For rarefactive (compressive) shocks, there exists a critical
value ny, . of the scaling parameter such that 45 <0 (>0) for ny, <nyy, . and
48>0 (<0) for ng; > ngy .

4. NON-RICCATIAN EXACT SOLUTIONS (APPENDIX B)

4.1. New Relations for the Parameters {(see Appendix B1)

The densities are of the non-Riccatian type (1.2b):

N;=no;+ (ny;+ wny,)/D, M;=mq,+ (m;+ wmy;)/D
R=ro+ (r; +wry)/D, D=148w+,w? w=e",  p=x-(t
When |#| — co the limits of the densities are the two states defined in
(3.1). Consequently, the ng,;, m,;, and r, (k=0, 1; i=1, 2) satisfy the rela-
tions and the properties studied in Section 3. Here we introduce both eight
new parameters y, r,, Hay, My, and 8, (i=1, 2), 6,/0, (with n,, as a scaling
parameter) and nine new relations, or one more relation than parameters.

The solutions will depend on my, and fy, as arbitrary parameters, and ng,

and n,, as scaling parameters, while { will be found from a compatibility
condition.

The linear conservation laws give the relations (3.2)-(3.3) for the
scaled parameters associated to n,y:

floy =y /Ny = P, My =Ny iy, Fy=Hq Fy
My, = — y(my, +2d,,), Fy=2z(my +d,)
The two nonlinear equations (3.10) give six new relations:
W1 4+8)e,=aq/nyp=(b11+apd,)/ (0,0, —2n,)
= (by + 85041}/ (21130, — 0y, 0y)
Y(/6s=a/ry= (b +0,a0)/(8,7r —2r,)
= (byy + 0,80,)/(2F 65— r;0,)

where the a,; and by;, i=1, 2, defined in Appendix B1, are linear in the

parameters n,;, m,;, and r,, while b,;, i=1,2, are quadratic in these
parameters.

822/71/3-4-24
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4.2. Solutions As Functions of ng,, firy,, Ny, (see Appendix B)

From the parameters n,,, k=0, 1,2, we define scaled quantities
0= 06x(nyu/n,)*, ay=ng nyay;, and by, =n, 1y by, k=1, 2. We quote the
main results. First (Lemma B1) we have two solutions: §, = and #4, + 1
(respectively called SolB and Sol.A). Second (Lemma B2) and third
(Lemma B3), 6, and rn,, are known functions of the arbitrary parameters
Mgy, Mgy, and {. Finally (Lemma B4) all parameters are constructed from
the arbitrary ones, and { is fixed by a compatibility condition and s, such
that 6, =38, (ny,/ny)>0.

4.3. Properties of the Non-Riccatian Sol.B: §,=6,+1

We define w:=wny/n;, find D=1+ wé, + w26, = (1 +w)(1 +Wd,),
and obtain

Ni=n0i+n1i/(1 + wgz)
M;=mq;+my, (1 +wiy/n,;)/D
R=ry+ri(1 +ws,/r)/D

N, are monotonic solutions of the Riccatian type, while M, and R are
non-Riccatian only if #,; # #,,. (On the contrary, for §, #d, + 1, the five
densities can be non-Riccatian.)

Lemma 5. For positivity we must have w> 0 or ny,/n;; >0, §,>0.

Lemma 6. Sufficient conditions for nonmonotonic behavior of the
densities M; and R are, respectively, 6 ,, =0/, <1 and 6 g=0,F,/F,<1.
The signs of the derivatives M, , and R, are given by

W2+ (8 1y [y — 1) + 2Wi /i, W2+ (8, Fy/Fy — 1)+ 2WF, /F,

4.4. Numerical Calculations

Figure 1 presents for (a) the d=2, (b) the d=3, d_, =1, and (c) the
d=3, d,,=3/2 models numerical curves for positive non-Riccatian solu-
tions (also see Table I). We observe (except Fig. 1c) similar features: over-
shoots for the microscopic density M,, small undershoots for the energy E,
and monotonic behavior for the mass M. All the densities (except M, in
Figs. 1a and 1b) are monotonic. For a < 1 we have not found both positive
densities and o, >0. For a>1 we have obtained positivity, but only for
a— 1> 0 sufficiently large have we observed nonmonotonic effects. In order



Similarity Shock Wave Solutions
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Fig 1. Class I models, (a) d=2, (b) d=3,d,_ =1, and (c) d=3, d, =3/2.
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to check the existence of M, overshoots, a useful criterion is provided by
04, <1 in Figs. la and 1b, and >1 in Fig. lc.

For M, P, V, and W the corresponding values M,, P,, V;, and
W, =V,—{+{( for state (i) and M, Py, V;, and W;=V,—{ + (; for state
(ii) are positive. The shocks are rarefactive with M and P decreasing across
the shock. In Figs. la-1c we find that the Lax index is j=2; for Figs. la
and 1b the upstream state (ii) is at + oo, which is confirmed by y <0, while
in Fig. 1c we find that the upstream state (i} is at + co, in agreement with

Table |
a My Ay —{ “C(j) ’_C(ii) 0y [P 5M1 Not,c
Fig. 1a 1512 006 149 0.42 32x10~¢ 0.75 1 2.6 0.79 2.1
Fig.1b 872 045 177 0.25 —5x107? 0.57 6/5 1.1 0.79 0.26
Fig.1c 1.01 254 103 46x10~* 5x107% 39x107* 1 3x107°% 218 0.12
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y>0. Due to {,,=(, (Lemma 4) and V;>0 and W,;>0, the shock
inequalities are satisfied.

We have calculated S,,, Sqown, and 45 = S,, — S4own When ng, is vary-
ing (in Figs. 1a and 1b §;=S,,; and §;= S, in Fig. 1c). We find that the
Boltzmann entropy decreases (or 45 <0) for ny, <y, . (see the ny, . values
in Table 1) and increases when n¢; > ngy ..

5. SOLUTION BY A DYNAMICAL SYSTEM APPROACH

In this section we solve numerically the 2D dynamical system (3.11),
with the limit values corresponding to type (i) and type (ii) equilibria. The
limit conditions are either im(N,, R) = (ny,, ry) when # — 00 and (s,, re)
when n — — co, or the inverse, and depend on which Maxwellian is at F oo
(Section 3.4). In the general case, the free parameters of the problem are
(see Lemma 1) ny, =1, my,, fig,, 0,, and .

We solve (1.3) using a Runge-Kutta fourth-order procedure, with the
initial data N,=ny,+¢, and R=ry+¢,, or Ny=s,+¢&, and M, =ryp + &,

-0t 04
b

Fig. 2. M, profiles for d=2.
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g; small, depending on the direction of the integration. We start the integra-
tion from a neighborhood of the saddle, in a direction which can be
calculated by the analysis of the eigenproblem for the linearized equations,
and we end up in an arbitrary close neighborhood of the second singular
point (node).

In Fig. 2a we present M, for different { values and the isotropic
Maxwellian (i): ny; = --- =rq=1, d=2. Curves A, B, and C correspond,
respectively, to {=0.98, 0.99, and 0.995. Note that M, overshoots if { is
close to unity.

In Fig. 2b we present the influence of 6, on M,. Curve C corresponds
to o,=1, curve D to ¢g,=4, and curve E to o,=0.5. The shock
inequalities, and the common direction of the sound and shock waves in
both equilibrium states, are satisfied, and the shocks are compressive. State
(i) is at + oo, and M and P increase from (i) to (ii).

We also note another family of solutions [compressive shocks, state
(i) at —oo], with d=3, mgy, =0.1, iy, =10, and { = — 0.3 with varying o,
and a. For a=10 and ¢,=10 we observe an M, overshoot and an E
undershoot. For a=10 and ¢,=1 the M, overshoot disappears. For a
decreasing to 1 the energy undershoot also disappears.

APPENDIX A. CLASS | MODELS, RH RELATIONS,
WHITHAM INEQUALITIES, AND
EULER WEAK-SHOCK RELATIONS

A1. Three Models of Class i

For the d=2, d=3, 6,=0,/6/2 and d=3, 6, =5, \/5/2 models we
give the planar and spatial coordinates of the velocities associated to N,
M, R:

NIZ(I: il)’ NZ:(_I’ il)i Ml:(LO), MZ:(—IsO)
R:(0, +1), ;=0 \/5/2, Nio(1, £1, £1), Ny (—1, £1, +£1)
M;:(1,0,0), M,:(—1,0,0), R:(0,+1,0),(0,0, +1)
and

Nl:(13 ilao); (130’ il)y NZ:(—la i170)9('—1505 il)

Ml:(lao,o)a M2:(~19070)’ R:(O9 1190)5 (0,0’ i_l)
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A2, Determination of mm,, As a Function of the Arbitrary
Parameters m,,, ny,, and {
From (3.2) and (3.8)

3
‘701b02—502b01= Z (Ak"Bkﬁl’fl)zo
k=0

- T —_ —_ T —_ —_ _2 —_ — — — — —_
with boy =am,— ymyy, b=y My~ 71, gy =a(Myy + Mgy )~ Fgy gy — Yy,
502 = ﬁ101ﬁ112 + 771021’7111 - 2?0’_'1. We deﬁne A = ay + ﬁoz, Z= y+ Zz, and
iy, is the root of a cubic polynomial. We have

—dg =my A+ y(2ad, + my,) — am,
—boy = (3, +2d, iy, Z + 2%d%
— Aoy = My (YMogy + 2Fz — Mgy) + 2d  (yg; + Foz)
—boy = y(1 +a)my, + 2ayd,
Ay =AZ
Ay=Z[(2ad, + hy,) y — armg, ]+ 2d,, ZA
Ay = Az%d% +2d, Z[ y(2ad, + 1g,) — arg, ]
Ag=2"d,[y(2ad, + ;) — arig; ]
B;=0
By = y(1 + a)(ymg, + 2igz — Migy)
B, =2yd, [ y(1 + 2a)rg, + 27o(1 + 3a) — arny, ]
By =4yad’ (g, + Fyz)

A3. Riccati-Coupled Equations for N/,, R

We write Ny, M, M, as linear combinations of N,, R:

Ni=[A+ON,+C, Y1 ~-0)

M, =[{d—1)R—d (A + N, +(C,+ C3)2—4d, C,]/(1-{) (A2)

M,=—d,N,—[{(d—1)R+(C,—C3)2+4d,C,1/(1 +{)
Substituting into (3.10), we obtain the Riccati-coupled system (3.11) for

N, R. The coefficients are functions of both the parameters (3.9) and of &,,
i=1,2. We have
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dy=d,o(a—1)/(1-0)
diy=6,(1+a) {(d—1)/(1-{*)

fi=0

dyy =G, [ 1+ 2(d—1)*/(1-)1/L

dy =0

fo=—d,d(1+0)/(1-10) (A.3)

¢ =6,al(d—1)C/(1+{)(1-1%)

c11=6,[Cy(1+a)+ C5(1 —a)+2d,Ci(2a—1)1/2(1 - &%)

e;=6,aC(C,— C3+2d,C)21+)(1 =)

Co1 =02, (C3 —2d, C,)/{(1-0)

cp=06,(d—1) Co/(1 -{?)

ey =0,[C3—(Cs—2d,C,)*]/4L(1 - ?) (A4)
We note that d;,, =0if =1, and f,=0if {= —1.

A4. Generalization of the Weak-Shock Whitham Inequalities
to Class |

In order to determine the sound wave velocities, we linearize the non-
linear equations around one equilibrium state and we obtain the sum of
three differential operators with associated polynomials Ps, P,, P; (P3=0
for the characteristic velocities). In order to generalize the Whitham result
(interlacing of the P;, P, roots), we find well-defined inequalities between
the Ps, P, roots and the P,, P, roots. Then the main wave is provided by
the P, roots (weak shocks), while the disturbances provided by the higher
polynomials Ps, P, will be exponentially damped. We linearize Eqgs. (1.3)
around the (i) state: N,=no[1+ X,(ng)], M,=m[14 Y, ()], R=
ro[1+ Yo(ns)1, 16 =x—{;t and we define the operators d, =ny p.,
d_=npp_, 6,=myup,, 6_=mup_, Oq=rel, z;=01MyMgy,
Zy = G,Mg My, We obtain 4Y(n;)) =0, ¥ being a column vector with com-
ponents X, X,, Y,, Y,, Y,. Defining 4 =det(4), we get

d, d_ 0 0 0
2d,d, 0 o, —o_ 0
2=, 0 0 o, o_ d,d (A.5)
—zy d_+z, z4 -z, 0
0 0 —zy —z, Og+2z,
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This is the sum of fifth-order (45), fourth-order (4,), and third-order (4,)
differential operators such that A (h(ny))=0, k=5, 4, 3, for h an 5~
dependent function. We call P,({;,) the associated k=5, 4, 3 polynomials.
We find for the fifth-, fourth-, and third-order terms

As=d d_0,.6_0,
Bs=ngngmg Mgy ¥
P5=Bs(1—‘:%i))2 C(i)
Ay=2z,65[0_06.(d, +d_)+d,d, d_(6,6_ )]
+zy,d,d _[20_0,+d, 006, +6_)/2]
Py=(1 —Cfn)Pz
Py=1z,Py +2,Py=A,( 5+ A (i + 4o
Py =C(i)ro[m01m02(”01(1 - C(i)) —ng{l+ C(i)))
+d oy noy(moy (1 — L)) — moa(1+ ()]
Py =ngyng[2(1 - C%i))mm Mgy
+ 0.5d,. rol i (mo (1 — (i) — mox(1 4+ {5) ] (A.6)
Asfz,2y=2d,d d_(6, +35_+d,0)
+(d, +d_Y)26,0_+d, 000, +6_)/2]
Py/z 25 =2d o nop(1 — {3 Moy — Moy — {5y (Mgr + Moz + dro) ]
+ [n6:(1 _C(i))“noz(l + C(i))]
x {2mgymep(1 —(3y) + dy L oyrolmoy (1 — L)) — moa(1 + {a)1/2}
(A7)

with roots —1, 1 (multiplicity 2), and O for Ps, and —1, 1, and the two
P, roots for P,. We call {* the P,=0 roots; {/, j=1, 2, 3, the P;=0
roots; (), j=1, 2, the P, roots (P,=0, z,=0); and {I the Py, roots
(P,=0, z,=00). The {Y) roots are n,, independent and for the (i) state
1o, = Mo, = r, they are (0, +(5/6)2), (0, +(13/15)%2) for d=2, 3.

A4.1. Whitham Conditions for the P;, P, Roots

Lemma A1. (i) The two roots {* of P, are real and belong to
1—1,0[ and 10, 1[. (ii) The three roots {9 j=1, 2, 3, of P, are real and
belong to 1—1, 1[. (iii) For P5(0)>0, {* € 1¢&, (%[, while {~ €10, {5 [;
and for P5(0)<0, {* €10, (%[, while {~ e 1¢(P, (L1
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We recall that a>0, ny >0, my>0, ry>0, ri=mymy,,
Mg Ny = Mgy oy, 2;> 0.

(i) From (A.6) we get Po(+1)<0, Ag=P5(0)>0, A, <0— —1<
{T<0<{T<1.

(ii) We find (¥ =0, () =c_je ., c, = d,nylany £ ne)+
Mo (#o; + Ngy), and

(PP((=0)>0, (PP;({=()<0
P(+1)20, [[P]<1 (A8)
The P, rootse |—1, +1[ if we find —1<x;<x,<1 with P3(x,)>0,
P4(x,)<0. In the two cases P;(0)Z0 we get (x;,x,)=(0,() and
(L&, 0).
(ili) We define c¢ = (ang — ng)/{ang + ), el <1, o=

d, ro(mey + mg,)/4mg my, > 0, and write down some P,,({), i= 1, 2, proper-
ties: Py,(0)>0, P,;(+1)<0, and

P =D PuL)>0, Pu(O1 -+ {(c—{)a]>0
—1<{ <0<{t<1 (A.9)

We seek whether or not the {* roots of P, belong to the positive or
negative intervals limited by the corresponding P,,, P,, roots. We consider
P4(0) 2 0 and, for simplicity, present the results for P,{0) > 0 with positive
and negative { values for P,,({), P,({):

P3(0)>0— (P >0
{>sup({, {2)—> Py <0, Py <0, P,<0
0<{<inf((@, ()= Py >0, Py,>0, P,>0
—1<{<{, - Py, <0, P,, <0, P, <0

Lemma A2. The P;, P, roots satisfy the Whitham inequalities
<M< <Pt <{P<«l {(A.10)
In addition to (A.8), (A.9), and Lemma Al, we add
Py({Z)s0  for (20

Due to the P;({) changes of signs for {= —1, {~, {*, 1, it follows that
(A.10) is satisfied.
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A4.2. Application of the Whitham Method to Higher Waves
We rewrite (A.5):

24 =B50,(0p—0%2)" + Ba(8% — 0%)(0, + {70.)(0,+ {7 0,)
3

+B;5 [[ (0, +¢V0,)

j=1

Wlth B5>0, B4= —A2>0, al’ld B3/lez, equal tO

d (Mo, + myy) [ 21,1y +0.5r(ng; + 1g,) ]

+2d7% rohoy oy + 2mg; Moy(Rgy + Ngp) >0

We follow the Whitham principle that in a wave motion with speed {
the derivatives 8, and — {0, of any quantity arec approximately equal. The
main waves are provided by the third-order operator (weak shock motion).
The disturbances produced by the fifth- and fourth-order operators must
be, for large time, exponentially damped by the presence of the main waves.
For the wave motions with velocities {* of the fourth-order operator this
is explained by Whitham.®® Here we neglect the fifth-order operator, and
a damping (e, < 0) occurs provided B, B, is positive and the inequalities
(A.10) are satisfied. For instance, for a wave motion with velocity {* we
find

p= B T =0 B = p-11<0

Let us now study the damping of the wave motions f(x ¥ t) asso-
ciated to the fifth-order (multiplicity 2) and fourth-order (multiplicity 1)
operators. As in Whitham,® with the same approximations, in such a
wave motion d,~ F 0, and a third-order &3, differential operator (or F03)
is factorized: [dy(0,+0,)*+d\(0,+08,)+d,]0% with d,=4B;>0, d,=
—2P,(F1)>0, dy= Fz,z,P5(F1)>0. Seeking a damping factor when
the time is large,

[dx(0,£0,)*+d(8,£8,)+do] f(xF 1) C(1)=0

the solutions associated to f(x —{(—1)’¢) are C=e", where u<0 satisfy
dyp* +d u+dy=0, or

2utngmy; + pl 2z (mo;+ dyng) + 2od ng ] +d,z,2,=0,  j=1,2 (All)

with positive discriminants:

[no22dy + 221(dyngy— mg)) 1> + 1621 mgngd, >0,  j=1,2
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Lemma A3. The wave solutions f(x F ¢) corresponding to the fifth-
and fourth-order terms are exponentially damped at large times, with the
decay coefficients ¢ <0 given by (A.11).

Ab. Euler Weak-Shock Relations

In the Euler formalism we can also obtain the characteristic velocities
as roots of a cubic polynomial. First we take into account in (3.7) and (3.8)
the vanishing of two collision terms a,; + by;=0. Second we assume that
ny;, my;, r, are small, their products being negligible, or ay; ~ 0. Third, from
the linear conservation laws, n,,, m,,, r, are linear functions of n,;, m,,
and the relations become
My Qgy="nyy b(i)
My Chiy=ny d(i)
agy=mg((1+ ) —my; {(1—0)~4r,(1 ”‘Cz)/d*
bay=(1~{)2my {d, +4ro(1+ )]
Ch= R [ 1= {4+ mgy(1 4 {)/mg, ]
dy=mg(1+0)— (1 =) oy (2d, + mey/ng,)
The compatibility condition @ dsy — cyd;, =0 leads to the roots (A.7).

AB6. Infinite-Mach-Number Shock

In the (ii) state, we assume that s, =5, =p,=ry =0 with only p, #0.
First we show that the (i) and (i) states are positive if
1>¢>1/[1+(d,/2)*/a]"*>0. From Section 3,

y=(1=0/(1+0) =7 >0

gy =ty =d,/{—1+[d,/2[al- )17} >0

Wy = Agy Mg /a =My, = ~ y(my +2d,) >0

ro=tig(Ag/a)'? = F = z(fy, + d,)>0
Second, for the determination of the {;, at the (ii) state, we perform
a limiting procedure in P,=0 (with ngy;, mg;, ro replaced by s, p;, roo)-
Let 5,0, p; =0, ryo—0 with p,=cst. From ap,s,=s,p, it follows
that 5,/s,~ 0, 5,/a/p1 =0 and 2P3/z,2,d, 53 paron ~ {y(1 + {y)* and the
two possible characteristic {;, are 0, —1. The Lax condition gives
{(11)=0<§<C(1). Furthermore, Pi>Pii:0) M,-—M,-,»=2C(d*nm+mm)/
(1+0)+d,reo>0 and the shocks are compressive with the (ii) upstream

state at + o0.
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APPENDIX B. NON-RICCATIAN SOLUTIONS DEPENDING ON
n,, AND ARBITRARY . fig,

For the non-Riccatian (1.2b) we have new parameters: ii,;, #iy;, 7,
4., 6,. Due to the existence of one linear relation with two densities, we find
two classes of solutions which depend on the parameters (3.9), except {,
which is fixed by a compatibility condition.

B1. Six New Relations Coming from the Nonlinear Equations

We substitute the non-Riccatian ansatz into (3.10), multiply by D? and
define two w polynomials A, at the ths and B, at the rhs:

B;i=ay;+by+61a0+w(diay+ 8,00+ by) + way6,
— (1 4+ 0y — 11201 = 2wn 20, — nypyw?,)/6 = 4,
—9{(ry =110, = 2wr 0, — r,w?,)/6, = 4,
ARy My + Mgy ) — Apa iy — My Rop =a;, for k=0, and =:b,, for k=1
bay 1= Al My — Ny My
My Mgy + Mg, My — 21 ry =ay, for k=0, and =b,, for k=1
by =My My — 15

Since the coefficients of w°, w!, w? are the same on the lhs and rhs, we
obtain from w?:

G5/6,={ay ry/[(1+{)apny,], Y/61=ay,/(1+{)ny, (B.1)

and four other relations. We define scaled variables with the scaling
parameters n,,, k=0, 1, 2:

;= (nyu/ny) 6, i=1,2
ay; = Noy Ny Ay,
b1i="11”2151i
b2i=n%152i
a(Miyy + Myp) — Ay ay ~— Y, =: @y, fork=0,and =: b, for k=1
by = ariy, — yiy, = by, — by My My, + Wiy Wy
—~ 2F,Fy=:d,, for k=0, and =b,, for k=1

N )
byy =y Hiy, — F3
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Recalling that n,, = — ny, dy,/bo; is not arbitrary, we write the four relations
5_1 = (2511501 - 501511)/501(511 - 501)
=72(2512502"‘702512)/502(’71512"502’72) (B.2)
5_2 = (57115_1 - 5216701/501)/(2‘711 —doy)
=72(5_1‘712—522562/502)/(%1512—fzdoz) (B-3)

For the four equations (B.2)-(B.3) we have three unknown parameters
8y, 6,, My, to be determined, and consequently { will be fixed by a com-
patibility condition.

Lemma B1. (§,—6,—1)(2a,; —ay)=0.

From the first of relations (B.2)-(B.3) and b, + by =b,,, coming
from the N, linear relation, the result is trivial. We call Sol.A and Sol.B the
solutions 2a,, =a,, and 0; =0, + .

Lemma B2. §,=2+dy,(1+ay)/by(ay+ity,) (also &, for Sol.B) is
a known function of the arbitrary parameters g, f1p;, { of (3.9). We define
O = My — My

In the first relation of (B.2) for ,, both numerator and denominator
factorize 9,,:

Aoy —dy; = gm(ay +7gy)
2d,,boy — digy b1y = 8,,Lay(@e1 — boy) + Y(@g1 — aboy) — 2b4; 71 ]

Lemma B3. i, is a known function of the arbitrary parameters
Mgrs Ao, C5 Mgy =My + agy/2(ay + 7iy,) for Sol.A and for Sol.B:

Hig + dy =8, boydy (ig; + Yigy)/ [ 2boy(Fr, — yig, — 270 2)
+ oo —1ityy + ymyy + 227 )]

In Sol.A we use a;; —dy = — ag,/2. For Sol.B, in the last relation of (B.3)
both numerator and denominator factorize 9,,:

FLlyy — Faydgy = 0, 2d ((Higy + Yiitgy)
G1s — Gy = 0,,(H1gy — yig — 270 Z)
by —2boy=90,(m,;,— ym,, —2zF,)
28,3bgy — 8y b1y = 2b0y(a 15 — Gyy) + Aga(2b0, — b15)

Fo=by61(Fy @12 — AoaF2)/ (213 b6y — gy b12) = 2(Fyy + d,)
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Lemma B4. From a compatibility condition we find { as a function
of gy, fg,-

From Lemmas B9 and B10, with m,, known as a function of {, m,,
flo, we deduce 7,, sy, a1y, by, bay, i=1, 2, while §, is known. For Sol.A
the two last relations of (B.2)-(B.3) give both §, and a compatibility condi-
tion for {. For Sol.B the first relation of (B.3) fixes {.
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